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Efficient Computation of Resonant Frequencies and
Quality Factors of Cavities via a Combination of
the Finite-Difference Time-Domain Technigue
and the Pa@l Approximation
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Abstract—An efficient method for analyzing cavity structures  the generalized pencil-of-function [3] technique that eliminates
by using the fast Fourier transform (FFT)/Padé technique, in the need for FFT by representing the time signature as a sum of
combination with the finite-difference time-domain method, is exponents. Although both of these methods have advantages

presented. Without sacrificing the accuracy of the results, this new . . . .
method significantly reduces the computational time compared to over the FFT in terms of the reduction in the computation

that needed where the conventional FFT algorithm is used. The time, the accuracy of these results is sensitive to the sampling
usefulness of this approach is demonstrated by modeling a lossyconditions.

cavity and computing its resonant frequencies as well ag. In this letter, we propose to use the Raapproximation [4]
Index Terms—Cavity, fast Fourier transformation, finite- IN conjunction with the FFT as an alternative to the above
difference time-domain technique, Paé approximation, quality two schemes. This new technique is capable of calculating the
factor, resonant frequency. resonant frequency as well as quality factor from a smaller

time window, reducing the computational time significantly in

I. INTRODUCTION the process.

CCURATE analysis of the resonant frequencies of cavity
resonators is an important field of study since such Il. THEORY

cavities are used in many microwave applications, e.qg., filterwe can derive the resonant frequencies from the local
and oscillator designs. In most practical applications, thfaxima of the response by carrying out an FFT of the FDTD
cavity is part of a complex structure that normally includegutput, and compute the quality factor by usiGg= fo/AS,
tuning mechanism and coupling with external circuits, and \ghere Af is the 3-dB bandwidth and is the resonant
only amenable to analysis by using a numerical technigugequency. As pointed out earlier, the inherent limitation of the
The finite-difference time-domain (FDTD) technique has be@FT approach is its inadequacy in frequency resolution, which
employed in the past for the characterization of various typgsreciprocal to the product of total number of iterations and the
of cavity resonators [1]. The advantage of the FDTD techniqtigne step size. Thus, to achieve a reasonably good resolution it
over the frequency domain methods, e.g., the method igfhecessary to run the simulation for a sufficiently long time.
moments (MoM) or the finite-element method (FEM), is that To overcome the limitations of FFT method alluded to
the resonant frequencies of all of the modes can be calculatgsbve, we employ the Padgpproximation in conjunction with
in a single simulation by using the time domain scheme, rath@le FFT as a two-step process. First, we apply the FFT on
than by sweeping the frequency to capture these modes. the time-domain data to obtain the spectral response. We then
To obtain the resonant frequencies and the quality factqsgocess this data further by using the ®approximation to
from the FDTD, we must transform the temporal response fiprove the accuracy of the frequency response. The above

the FDTD simulation to the frequency domain, say, by usingsponse can be represented as a sum of pole series
the fast Fourier transform (FFT). The FFT, however, requires

a large number of time samples to calculate the resonant P(w) = Py(w) + P,p(w) (1)

frequency and quality factor with reasonable accuracy and

resolution, and this translates to a relatively long computationsthere P(w) is a complex vector-valued function af [i.e.,

time. P(w) € C7], representing one of the six electromagnetic
Several procedures have been proposed in the literatureceonponents. The first term in the right-hand side of (1), viz.,

alleviate the above limitation of the FFT approach. Two con®,(w), contains all the pole aP(w), whereas the second term,

monly employed techniques are the Prony’s method [2] add,,(w), represents the remainder. The Pagproximation [4]

constitutes expressing,(w) in a rational function as
Manuscript received September 8, 1998.

The authors are with the Electromagnetic Communication Research Labo- QN(CU)
ratory, Pennsylvania State University, University Park, PA 16802 USA. Plw) = =—=< (2)
Publisher Item Identifier S 1051-8207(98)09829-8. Dy (w)

1051-8207/98%$10.001 1998 IEEE



416 IEEE MICROWAVE AND GUIDED WAVE LETTERS, VOL. 8, NO. 12, DECEMBER 1998

where the numerator and denominator polynomi@ls () @ Resonant Frequency FFT/Pads
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Next, we obtain the unknown coefficientss and #'s from 2 [ - {os &
the FFT output of the FDTD response. We rewrite (2) as g ' ’ ) 104
0.02 - -7 ~.
. L P 10.3
P(wj)'DJ\l(wj):QN(wj)v J=0,--, S—1 (4) 0.00 - o2
There areN + M + 2 unknown coefficients in the above 1 1z 183 14 15
equation. Hence, an additional condition is required to render it n n
. .. . . No. of Time Steps 2
inhomogeneous and we obtain it by settifiggequal to unity.
Then (4) can be rewritten as Fig. 1. Percentage error in computed resonant frequency and quality factor
of rectangular cavity, for Tk mode, as a function of the number of time
M ) ) iterations.
Plog): 3 By =) o
=1 :=0 . ..
= —P(w;), j=0,.--,5—1. (5) method is not sufficient enough to compute thdactor, even

with 2% time iterations.
Equation (5) implies that the unknown coefficients of the Next, we examine the effect of number of data samples
Pace approximation can be obtained from a system of lineased in Paé approximation on the accuracy of the results
equations and the total number of data samples (FFT outpat a fixed number of time iterations, viz., 4096. We can
data points) required i$ > M + N + 1. Since the matrix see from Fig. 2, that although the percentage error in the
coefficients are now products of a sampled data and sofjefactor increases when the number of data samples is less
power of the frequency, the dynamic range of the matrithan seven, its effect on the accuracy of resonant frequency
elements is very large for largg/’s and N'’s. One way to is insignificant. From the above two observations it can be
avoid this problem is to scale the frequency, such that it é®ncluded that the FFT/Padechnique is not very sensitive
near unity. A typical scaling function is as follows: to the choice of the input parameters. Table | show the
percentage errors in the resonant frequencies an@iaetors
(6) for the first few dominant modes, computed by using the
FFT/Pa@ technique and the conventional FFT method. For
wherew,,.,, andwy,i, are the maximum and minimum angulathe FFT/Paé approach, 4096 time iterations were used with
frequency of the samples used. Once the coefficients && input samples and the interpolated output samples were
known, it is straightforward to interpolate the sampled da®r00. For the same number of time iterations, the improved
to obtain the desired resolution. In the application describ@dcuracy of the present method over the regular FFT approach
in this paperV is chosen to equali—known as the diagonal is apparent from Table I. It was found that in most cases the
Pack approximation—which requirezV + 1 data samples. new approach yields more accurate results compared to that of
the conventional FFT approach using 32768 time iterations.
1. NUMERICAL RESULTS Except for one particular mode, the error in thdactor is less

than 1.5% for the present method. Fig. 3 shows the normalized

.TO test the algonthm, we have _stud|ed a rectan_gular C‘3“"|Jr\é.-quency response calculated by using the conventional FFT
with lossless walls, filled with a slightly lossy medium whos s well as by the new technique, with 1024 time iterations.

C?Tﬁ““"’”}{ IS 5.1512?23_418(/;?6 Thedlezngzgtgg height, and \tlyldl he normalization is carried out independently for the two
of the cavily areé .26, 1.U16, and 2.266 MM, TeSpeClively, a5 o enhance the clarity of the graph. From the plot
and the corresponding spatial discretizations are 0.057, 0.0 s evident that the conventional EET is unable to resolve

and O.t027 mm. F'tg'fl shows the fpe;cenftageiherr?r in t 0 resonance when they are close to each other due to
computed resonant frequency argHactor for the Tho its resolution limitations. But, from the same data, the new

mode, as a fun_c'uon of the number of time iterations. For tri‘ﬁethod can easily extract the correct resonant frequencies with
FFT/Pa@& combined approach, 13 data samples were used %Ii]lq)rs less than 2%

the number of interpolated outputs were 2700. From the figure

it is evident that, for the same number of time iterations, the

error in the resonant frequency is nearly ten times less for the IV.- CONCLUSION

FFT/Pa@ combined technique relative to that of the regular In this letter we have presented the combined FFTéPad
FFT approach. Thé&)-factor is plotted only for the FFT/Pad approach to accurately calculate the resonant frequency and
approach, because the frequency resolution for the regular Fatiality factor of resonant structure. This new method reduces

2w — (wma.x - wmin)

(wmax + wmin)

Ws =
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Fig. 2. Percentage error in computed resonant frequency and quality factor of rectangular cavity fornidgle, as a function of the number of input
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COMPARISON OF THE PERCENTAGE ERRORS IN RESONANT FREQUENCIES AND QUALITY FACTORS OF FIRST FEW DOMINANT MODES OF A
RECTANGULAR CaviTY COMPUTED VIA THE FFT/PADE AND THE CONVENTIONAL FFT METHODS FORDIFFERENT TIME STEPS

Analytical FFT/Padé Conventional FFT
(2" time steps) Resonant Frequency
Resonant Quality % Error in % Error in % Error % Error
Frequency Factor Resonant Quality Factor | (2'° time steps) | (2" time steps)
(GHz) Frequency
9.2723 999.5 0.0086 0.3 0.17 0.15
14.662 1580.3 0.034 1.8 0.027 0.99
16.145 1740.2 0.08 0.2 0.13 0.59
17.426 1878.3 002 | 0.17 0.052 0.86
20.800 2241.9 045 1.49 0.413 0.63
23.699 2560.5 0.22 0.29 0.39 0.29
25.50} 2748.6 0.28 0.7 0.32 0.80

FFT/Pade
FT

technique relative to the ordinary FFT scheme. This method
has also been tested for the canonical problem of an ideal
lossless cavity with an infinite) but the results are not

presented here due to space limitations. The level of accuracy
for the ideal case is nearly the same as that for the example
presented herein. Finally, this scheme is not very sensitive to
the choice of input parameters, and is feature makes it suitable
as a module for a general-purpose FDTD simulation package.
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